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Abstract

In our capstone project, we will introduce a few commonly-used algorithms for calculating the
determinant of a matrix by showing our Python implementations of each. First, we will provide
a brief explanation on determinants as a mathematical concept. Next, we will introduce the algo-
rithms that are commonly-used for calculating determinants, along with providing an explanation
for each of these algorithms. Lastly, we will show and compare the different time complexities of
each algorithm with time tests and graphs.

Four of the most commonly-used algorithms are covered in this paper: Laplace Expansion, Bareiss,
Lower-upper decomposition, and Eigen-decomposition.

1 Introduction

In this paper, we introduce a few commonly-used algorithms for calculating the determinant of square
matrices implemented in Python. These algorithms include Laplace Expansion, Bareiss, Lower-upper
(LU) decomposition, and Eigen-decomposition.

We organized the paper as follows: Section 2 will give an overview of the mathematical concept of a
determinant. Section 3 will discuss more in-depth about each of the algorithms that are commonly-
used to calculate these determinants that are reviewed in Section 2. Section 4 will provide information
on the Big O notation and its relation/significance in comparing time complexities for the algorithms
that were presented in Section 3. Section 4 will also include information on the time complexities
for the algorithms we mentioned earlier and graph results of their runtimes when we process these
algorithms (in Python). To conclude, we discuss the results of our observations and analysis of these
algorithms when compared to one another, while providing any lasting comments on the topic.

2 Determinants

A determinant is a mathematical object in the analysis and solution of systems of linear equations. For
square matrices ∈ Rnxn, i.e., matrices with the same number of rows and columns, the determinant
indicates whether the matrix is invertible. However when the result of a determinant is equal to zero,
that means the matrix is not invertible. The determinant also geometrically represents the scaling
factor of the linear transformation defined by the matrix, specifically how the area (in 2D) or volume
(in 3D) is scaled when vectors are transformed by the matrix.[1] The determinant of a matrix is
commonly denoted as det(A), det A, or sometimes as |A| such that:

A = det


a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . .
an1 an2 . . . ann
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The determinant of a square matrix A ∈ Rnxn is a function that maps A onto a real number
and exhibits the following properties:

1) Singular matrices are matrices with a determinant of 0.

2) Unimodular matrices are matrices with a determinant of 1.

3) The determinant of a 1x1 matrix is the element itself.

A = [a]→ det(A) = a

4) The determinant of a 2x2 matrix is defined as the product of the elements on the main diagonal
minus that of the product of the elements off the main diagonal. As such:

a b
c d

= ad− bc [2]

5) The determinant of the identity matrix is 1.

det(I) = 1

6) The determinant of a matrix product is the product of the corresponding determinants, which
is also true for square matrices A and B of equal size.

det(AB) = det(A)det(B)

7) Determinants are invariant to transposition.

det(A) = det(AT )

8) If A is regular (invertible), then:

det(A−1) = 1
det(A)

9) For a triangular matrix T ∈ Rnxn, the determinant is the product of the diagonal elements, i.e.,

det(T ) =
∏n

i=1 Tii

10) Similar matrices possess the same determinant. Therefore, for a linear mapping Φ : V → V ,
all transformation matrices AΦ of Φ have the same determinant. Thus, the determinant is invariant
to the choice of basis of a linear mapping.

11) Adding a multiple of a column/row to another one does not change det(A).

12) Multiplication of a column/row with λ ∈ R scales det(A) by λ.

det(λA) = λndet(A)

13) Swapping two rows/columns changes the sign of det(A).

When mathematics was mainly performed by hand, the determinant calculation was considered an
essential way to analyze matrix invertibility. However, contemporary approaches in machine learning
use direct numerical methods that superseded the explicit calculation of the determinant. For exam-
ple, we now know that inverse matrices can be computed by Gaussian elimination. Thus, Gaussian
elimination can be used to compute the determinant of a matrix. Determinants are also known to
play a important theoretical role, especially in regards to to eigenvalues and eigenvectors through their
characteristic polynomial.[1]
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3 Commonly-Used Algorithms

3.1 Laplace Expansion

Laplace Expansion, also commonly referred to as the co-factor expansion, calculates the determinant
of a matrix by recursively expanding it along a row or column. In each step, it multiplies the determi-
nant of a smaller sub-matrix (obtained by removing the current row and column) by the value of the
element in the position at which the expansion is taking place. The signs of these products alternate
according to the position of the element in the matrix, following a pattern that can be determined by
adding the row and column indices of the element (with even sums leading to a positive sign and odd
sums to a negative sign). This process continues until the determinant of 2x2 matrices can be directly
computed, at which point the recursive expansion concludes.

To calculate the determinant of the matrix A,

A =

a b c
d e f
g h i


We can use Laplace expansion along the first row. The determinant of A can be computed as:

det(A) = a · det

[
e f
h i

]
− b · det

[
d f
g i

]
+ c · det

[
d e
g h

]

The individual 2x2 determinants are calculated as follows:

det

[
e f
h i

]
= ei− fh det

[
d f
g i

]
= di− fg det

[
d e
g h

]
= dh− eg

Thus, substituting back, we get:

det(A) = a(ei− fh)− b(di− fg) + c(dh− eg)

Below is our version of the core Laplace’s algorithm in Python:

def c a l c d e t ( matrix ) :
# We can j u s t check the outer l e n g t h because we assume the matrix i s square
# to beg in wi th
i f len ( matrix ) == 2 :
# Base case , 2x2 matrix
return ( ( matrix [ 0 ] [ 0 ] ∗ matrix [ 1 ] [ 1 ] ) − ( matrix [ 0 ] [ 1 ] ∗ matrix [ 1 ] [ 0 ] ) )

# Resu l t o f the determinant
sum = 0

# Any matrix we have here i s > 2x2
for i , x in enumerate( matrix ) :
# Chop out 0 th column and i t h row
chopped matrix = [ ]
for j , in enumerate( matrix ) :

i f i != j :
chopped matrix . append ( matrix [ j ] [ 1 : ] )

# We have to a l t e r n a t e + / − f o r t h i s a l gor i thm
for k , in enumerate( x ) :

i f i % 2 == 0 :
i f k % 2 == 0 :

3

https://en.wikipedia.org/wiki/Laplace_expansion


sum += x [ 0 ] ∗ c a l c d e t ( chopped matrix )
else :

sum −= x [ 0 ] ∗ c a l c d e t ( chopped matrix )
else :

i f k % 2 == 0 :
sum −= x [ 0 ] ∗ c a l c d e t ( chopped matrix )

else :
sum += x [ 0 ] ∗ c a l c d e t ( chopped matrix )

return sum

The full commented code for our Laplace algorithm implementation can be viewed here.

4

https://github.com/jessicard/math2015-capstone/blob/main/laplace.py


3.2 Bareiss

The Bareiss algorithm can be thought of as a “Multi-step Integer-Preserving Gaussian Elimination”
as was the paper titled by Erwin H. Bareiss, the mathematician that developed the algorithm. This
algorithm can be applied to matrices with integer entries. It is unique as it uses only integer arithmetic
in its procedure, and the division performed in the code below is guaranteed to result in an integer
without remainder. In code, this looks three nested ‘for′ loops which modify the matrix in place.

The procedure is as follows: Begin at the top left-most entry. This is M [i, i] for i = 0. Then,
for j, k = i + 1, beginning at the entry one to the right of i and one entry down, the formula:
M [j][k] = (M [j][k] ∗M [i][i]−M [j][i] ∗M [i][k])/prev, is applied. The variable prev is originally initi-
ated to 1 and represents the previous M [i][i]. After iterating over all k for the second row and applying
the formula, the next row is then iterated over and this repeats until the bottom right-most entry is
modified. At this point, i is incremented, M [i][i] is set to be the current M [i][i], and the process
repeats for i = 2 : i[2][2], the next diagonal entry. This repeats until i reaches the second to last
row and the final iteration is ran. The determinant is then found at the bottom right-most entry or
M [−1][−1], as the matrix is modified in place.

Like in Gaussian elimination, rows can be swapped in this procedure if necessary. If any A[i,i] becomes
zero during computation, or is 0, a suitable row to swap with is searched for and swapped with if
one exists. If this is done, the sign of the determinant is flipped in correspondence with each swap.
Otherwise, the determinant is zero and the algorithm terminates early. The algorithm used in the
code for this project functions only for an n x n matrix. Below is the core of the Bareiss algorithm,
implemented in Python (row swapping and other bookkeeping code removed for simplicity):

We can use the Bareiss algorithm to compute the determinant of a matrix A:

A =

1 −3 3
4 2 −6
2 4 8


Determinant of A can thus be calculated as follows:

Recall the equation,

M [j][k] =
M [j][k]×M [i][i]−M [j][i]×M [i][k]

prevM [i, i]

prevM initialized to 1

M [i, i] = 1 M [j, k] = 2 M [i, k] = −3 M [j, i] = 4

updated M [j, k] =
2× 1− 4× (−3)

1

Updated Matrix:

A′ =

1 −3 3
4 14 −6
2 4 8


updated M [j, k = k + 1] =

−6× 1− 4× (3)

1

Updated Matrix:

A′ =

1 −3 3
4 14 −18
2 4 8


At this point, j is incremented as we have reached the right-most entry of this row.
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updated M [j = j + 1, k = i + 1] =
4× 1− 2× (−3)

1

Updated Matrix:

A′ =

1 −3 3
4 14 −18
2 10 8


updated M [j, k = k + 1] =

8× 1− 2× (3)

1

Updated Matrix:

A′ =

1 −3 3
4 14 −18
2 10 2


At this point, i is incremented so M [i][i] = M [2][2]. prevM [i, i] remains 1.

updated M [j = i + 1, k = i + 1] =
2× 14− 10× (−18)

1

Updated Matrix:

A′ =

1 −3 3
4 14 −18
2 10 208


At this point, there is nothing further we can apply the formula to.

The determinant can be found at M [−1][−1] so the solution is 208.

Below is our version of the core Bareiss algorithm in Python:

# S imp l i f i e d Bare i s s Algorithm :

for i in range (N−1): # where N i s the s i z e o f the matrix

# ensure non−zero M[ i ] [ i ]
# f l i p s i gn i f zero M[ i ] [ i ] and s u i t a b l e swap row e x i s t s , swap
# return 0 i f zero M[ i ] [ i ] and s u i t a b l e swap row does not e x i s t

for j in range ( i +1, N) :
for k in range ( i +1, N) :

# app ly ing the formula
M[ j ] [ k ] = (M[ j ] [ k ] ∗ M[ i ] [ i ] − M[ j ] [ i ] ∗ M[ i ] [ k ] ) // prev

prev = M[ i ] [ i ] # updat ing f o r next i t e r a t i o n

# re turn ing the determinant , l o c a t e d at the bottom r igh tmos t p o s i t i o n
return s i gn ∗ M[ −1] [ −1]

The full commented code for our Bareiss algorithm implementation can be viewed here.

6

https://github.com/jessicard/math2015-capstone/blob/main/bareiss.py


3.3 Lower-upper decomposition

LU decomposition is an algorithm that can be used for solving systems of linear equations, the inver-
sion of matrices, and in our case, computing the determinant of a square matrix. Our goal, given a
matrix A, is to decompose A into three individual components: a lower triangular matrix L, an upper
triangular matrix U (not unlike an upper triangular matrix we form with Gaussian elimination), and
a permutation matrix P that tracks row swaps – such that P ∗A = L ∗ U .

In our particular implementation, we initialize square matrix A and a permutation vector P with
indices 0−N . The last element of P , (P [N ]), counts the number of row swaps to determine the sign of
the determinant. For picking the pivots, we iterate through each column i and search for the element
with the maximum absolute value in that column. In swapping rows, if the row with the maximum
element imax is not the current row i, we swap that row with imax – not only swapping within A but
modifying the permutation vector P (important for determining sign at the end).

After we pivot, we look at all rows below i and each element below the specified pivot in the cur-
rent column is divided by the pivot, forming part of the lower triangular (L) matrix. We then update
the remaining elements for each row by subtracting a multiple in the current row (close to Gaussian
elimination) to effectively construct both the upper and lower triangular matrices in place. Since the
determinant of a triangular matrix is the product of it’s diagonal elements, and U is the upper trian-
gular after the decomposition, the determinant can be easily calculated once we’ve decomposed A into
LU and determine the sign with P .

In LU-Decomposition, our goal is to decompose a matrix A into an upper matrix U and a lower
matrix L:

A =

A00 A01 A02
A10 A11 A12
A20 A21 A22

 = L

 1 0 0
L10 1 0
L20 L21 1

 · U
U00 U01 U02

0 U11 U12
0 0 U22



After decomposing, the the determinant of A can easily be calculated by taking the product on the
diagonals of L and U :

= L

1
1

1

 · U
U00

U11
U22



Where det(A) = det(L) · det(U) = 1 · 1 · 1 · U00 · U11 · U22

As an example, lets define matrix A as: 3 2 4
2 0 2
4 2 3



We first obtain the upper-triangular matrix U by applying Gaussian elimination to A as well as
bookkeeping the values we’re multiplying by to be stored in L:

R2 ← R2 −
2

3
R1 [L2,1 =

2

3
]

3 2 4
0 −4

3
−2
3

4 2 3



R3 ← R3 −
4

3
R1 [L3,1 =

4

3
]
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3 2 4
0 −4/3 −2/3
0 −2/3 −7/3



R3 ← R3 −
1

2
R2 [L3,2 =

1

2
]

3 2 4
0 −4/3 −2/3
0 0 −2



As a result, we’ve formed both the upper-triangular and lower-triangular matrices derived from A:

U =

3 2 4
0 −4/3 −2/3
0 0 −2

 , L =

 1 0 0
2/3 1 0
4/3 1/2 1



With this, we can calculate the determinant by taking the product of the diagonals in L,U: det(A) =
det(L) · det(U) = 1 · 1 · 1 · 3 · (−4/3) · −2 = 8

Below is our version of the core LU decomposition algorithm in Python:

def LUPDecompose(A, Tol =1.0e −9):
N = len (A)
P = np . arange (N+1)
for i in range (N) :

maxA = 0.0
imax = i
for k in range ( i , N) :

absA = abs (A[ k ] [ i ] )
i f absA > maxA:

maxA = absA
imax = k

i f maxA < Tol :
raise Exception ( ”Matrix  i s  degenerate ” )

i f imax != i :
P [ i ] , P [ imax ] = P[ imax ] , P [ i ]
A [ [ i , imax ] ] = A [ [ imax , i ] ] # swap rows
P[N] += 1

for j in range ( i +1, N) :
A[ j ] [ i ] /= A[ i ] [ i ]
A[ j ] [ i +1:N] −= A[ j ] [ i ] ∗ A[ i ] [ i +1:N]

return P

The full commented code for our LU decomposition algorithm implementation can be viewed here.
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3.4 Eigen-decomposition

Provided that a matrix is diagonalizable, we can also use a method called Eigen-decomposition to
compute the determinant. In this method, we aim to decompose a square matrix A into a product
of three matrices: A = PDP−1 where P is a matrix made up of the eigenvectors of A, and D is a
diagonal matrix whose elements are all the eigenvalues of A. The determinant then is the product of
its eigenvalues. More simply put, we:

1) Compute all eigenvalues of A, which in turn become the diagonal elements of D.

2) Calculate the product of the eigenvalues.

Because the determinant of a matrix is equal to the product of its eigenvalues, Eigen-decomposition
can be incredibly efficient on smaller matrices, with the exception that the provided matrix is already
diagonalizable.

To calculate the determinant of a matrix using it’s eigenvalues, we must first calculate the eigenvalues.
Let A be the square matrix:

A =

2 1 −2
1 0 0
0 1 0



We start with defining the characteristic equation for our square matrix A:

det(A) = (A− λI)

Where λ is a scalar and I is an identity matrix of an appropriate size. Plugging this into our charac-
teristic equation yields: 2 1 −2

1 0 0
0 1 0

− λ

1 0 0
0 1 0
0 0 1

 =

2− λ 1 −2
1 −λ 0
0 1 −λ



When we subtract λI from A, we essentially scale the identity matrix by λ and subtract the re-
sult from A. Our next step is to then calculate the determinant of the matrix we created using the
characteristic equation. This can be represented with:

det(A− λI) = (2− λ)[(−λ)(−λ)− (0)(1)]− 1[−λ− 0] + (−2)[1− 0]

= (2− λ)[λ2]− 2 + λ

Setting this to 0 allows us to solve for λ:

0 = (2− λ)[λ2]− (−λ + 2)

0 = (2− λ)[λ2 − 1]

0 = (2− λ)(λ + 1)(λ− 1)
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From here, we can determine the three eigenvalues from our original matrix A by plugging in the
3 values of λ that satisfy the equation:

λ1 = 2, λ2 = −1, λ3 = 1

Calculating the product of these three eigenvalues yields the determinant of matrix A:

2 · −1 · 1 = −2

Below is our version of the core Eigen-decomposition algorithm in Python:

e i genva lue s , = np . l i n a l g . e i g (A)
determinant = np . prod ( e i g e n v a l u e s )

The full commented code for our Eigen-decomposition algorithm implementation can be viewed here.
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4 Runtime and Time Complexity Comparisons

Big-O, denoted as O(f(n)), where f(n) is a function that represents the number of operations (steps)
that an algorithm performs to solve a problem of size n, is used to describe the performance or com-
plexity of an algorithm. Specifically, it is used to describe the worst-case scenario in terms of time or
space complexity. Big-O notation provides a way to compare the performance of difference algorithms
and data structures, and to predict how they will behave as the input size increases. Several reasons
that Big-O notation is important include:

1) helping to analyze the efficiency of algorithms

2) providing a way to describe the runtime or space requirements of an algorithm grow as the
input size increases

3) allowing programmers to compare different algorithms and choose the most efficient one for a
specific problem

4) helping in understanding the scalability of algorithms and predicting how they will perform as
the input size grows

5) enabling developers to optimize code and improve overall performance [4]

As we can see in Figure 4, O(n!) represents the worst-case scenario when the algorithm is least
efficient and O(1) represents the best-case scenario when the algorithm is most efficient.

Figure 1: Big-O Time Complexity Comparison Chart [3]
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4.1 Laplace Expansion

Time complexity: O(n!)

Figure 2: Determinant Calculation Runtime using Laplace Expansion

This graph shows the factorial nature of Laplace. Unlike the other algorithms noted in this paper
whose test matrices went over size 100x100, we could only run test cases on Laplace expansion up to
matrices of size 8x8. This is due to the factorial nature of Laplace - 7x7 took than 10 seconds, whereas
8x8 jumped to over 5 minutes. If we attempted a 9x9 sized matrix, it would not finish calculating in
any sort of reasonable amount of time.

Laplace expansion has a time complexity of O(n!) (factorial time complexity) due to the nature
of its recursive expansion. This complexity arises because, at each level of recursion, the number of
determinant calculations grows factorially. Specifically, you start with n choices, then for each of those,
you have n− 1 choices, and so on. This sequence of choices produces a factorial number of operations,
as illustrated by the product n ∗ (n− 1) ∗ (n− 2) ∗ . . . ∗ 2 ∗ 1, which is n!.

This recursive process is quite inefficient for large n due to its exponential growth in the number
of operations required, leading to the factorial time complexity. However, this method of calculating
the determinant is easy for the human brain to understand, so we often learn to factor by hand using
this form of calculation.
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4.2 Bareiss Algorithm

Time complexity: O(n3)

Figure 3: Determinant Calculation Runtime using the Bareiss algorithm

The graph shows the polynomial nature of the Bareiss algorithm. This algorithm requires O(n3)
time complexity, similar to Gaussian Elimination, and is significantly faster than Laplace Expansion,
which requires O(n!) time.

The runtime the Bareiss algorithm requires can be thought of quite simply by the use of 3 nested
‘for′ loops. Iterating over each M [i, i] entries requires O(n) time, iterating over all elements of a row
requires O(n) time, and iterating over all columns requires O(n) time. The argument could be made
that for every iteration of i, the number of computations decreases. This is true, but the number of
computations is still on the order of the input size. As these loops are all nested, their product is taken
to arrive at the time complexity for Bareiss: O(n) ∗O(n) ∗O(n) = O(n3).
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4.3 LU decomposition

Time complexity: O(n3)

Figure 4: Determinant Calculation Runtime using LU decomposition

The plot above visualizes the runtime of our implementation of LU decomposition to compute the
determinant of a matrix, which is notably similar in speed to that of the Bareiss algorithm and signif-
icantly faster than the factorial time of Laplace. Because we require n additions and n multiplications
in the first column of an nxn matrix, the first column can be expressed as 2n(n − 1). The second
column then requires n−1 additions and n−1 multiplications, yielding 2(n−1)(n−2). Doing this for
n number of rows yields the sum of 2(n− i)(n− i + 1) for i = 1ton. This can be expressed as 2/3n3,
and dropping the constant gives us an in practice time complexity of O(n3). As we observe in the plot
for LU Decomposition, the runtime is relatively consistent and increases linearly with the size of the
matrix - with an exception at size(50) and size(118).
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4.4 Eigen-decomposition

Time complexity: O(n3) (usually)

Figure 5: Determinant Calculation Runtime using Eigen-decomposition

Although in theory Eigen-decomposition can be as fast as matrix multiplication (which can be
done withO(nw) arithmetic operations), the operations are instead over polynomials of degree n and,
as a result, bump the runtime up to O(n3) in practice. [5] This operation can be done quite efficiently
for smaller matrices, but as we increase in size the likelihood of having to do more computationally
complex operations involving complex numbers and roots increases, hence the O(n3) time complexity
observed in practice. In the plot for Eigen Decomposition, we observe a spike in runtime at size(80),
which is likely due to the increased complexity of the operations involved in the decomposition of a
larger matrix.
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5 Conclusion

As we can observe and analyze between the display of runtimes for Laplace Expansion, the Bareiss
algorithm, LU decomposition, and Eigen-decomposition, as the matrices get arbitrarily larger, all al-
gorithms with a O(n3) time complexity, all algorithms with the exception of the Laplace Expansion,
are considered to be most efficient for calculating the determinant. The Laplace expansion algorithm
is superior and the most efficient only when the size of the matrix does not exceed a 5x5 scale. The
difference may not be all that much, but it can be noted that the Bareiss expansion is just slightly
more efficient compared to that of the LU decomposition and Eigen-decomposition algorithms.

However, please note that these algorithms are not the only ones that can be used to solve for and
calculate determinants of matrices. There are other algorithms such as the Strassen algorithm that
we have not covered in this paper that have a slightly better runtime (O(n2.807)) than the ones that
we mentioned, which are theoretically known to be better when dealing with more complex and heavy
mathematical calculations. However in most cases, the most commonly-used algorithms that we have
mentioned, though they may be considered to be less efficient, are still known to be more practical for
most computational machines when performing complex mathematical calculations.
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